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Abstract 



We study the problem of option pricing and hedging strategies within the frame-work of 
^ . risk-return arguments. An economic agent is described by a utility function that depends on 

profit (an expected value) and risk (a variance). In the ideal case without transaction costs 
the optimal strategy for any given agent is found as the explicit solution of a constrained 
optimization problem. Transaction costs are taken into account on a perturbative way. A 
rational option price, in a world with only these agents, is then determined by considering the 
points of view of the buyer and the writer of the option. Price and strategy are determined to 
first order in the transaction costs. 



& 1 INTRODUCTION 

m : 

^ ■ Options are financial contracts made out between two economic agents called the writer and the 
q ■ buyer. The content of such a contract is that it gives the buyer the optional right to buy from the 
! writer a unit of some commodity at some time in the future at a determined price. Options differ 
\ mainly as to the type of underlying commodity (stock, stock indices, foreign currency, etc.), if the 
cd expiry time is fixed or may be chosen by the option buyer (European or American), and on the form 
S ' of the pay-out function. Option pricing theory is generally regarded as one of the corner-stones of 
^ ■ modern mathematical finance, for standard text-book treatments, see || |7], [II]]. The outcomes of 
C . these theories are normative prescriptions of option prices and hedging strategies, the latter being 
q j portfolios of the underlying commodity to be held in conjunction with the option. The theory has 
^ generally been developed for the class of complete markets, the two main examples being the log- 
Brownian continuous-time model of Black and Scholes0, and the dichotomic discrete-time model of 
Cox, Ross and Rubinstein 0. 

Option pricing in incomplete markets have been much less well developed, partly because the 
Black-Scholes and Cox- Ross- Rubinstein theories already yield quite reasonable estimates of observed 
market prices, partly because there is no agreed-upon procedure to find the price in this more general 
situation. In economic terms this is is expressed as the price being contingent on individual investor 
attitudes. 

The perhaps simplest assumption about investor attitudes is that they can be described only by 
their preferred trade-offs of risk versus return on investment. If the risk is measured by the standard 
deviation, then we are effectively looking at the option problem in the spirit of the Markowitz 



portfolio theory [13]. Even though this is quite a simplification, there remains (at least) one parameter 
describing the risk-aversiveness of an individual investor, which appears as the parameter A below. 
To have predictive power we must be able to say something about a price on the market without 
assuming, say, that all investors can be described by the same parameter A. One recalls that in the 



Capital Asset Pricing Model one is able to derive a relation between returns and (diversified) risks 
on the market [IE, O. The particular relation (the slope of the Capital Market Line) depends on the 



set of investment opportunities and investor attitudes, but once it has been established, it holds for 
all investors. In short, one would like to get out something similar from a mean- variance approach 
to option pricing. 

One way to proceed is to postulate that the hedging problem is solved by minimizing risk un- 
conditionally. This approach has been put forward by several authors, notably by Schweizer ||14|| and 
Bouchaud & Sornette ||. In the mean- variance language it directly corresponds to all investors being 
very risk-aversive, characterized by very large values of A. If all investors share this attitude, and 
trade with one another, then the expected profit from each trade has to be zero, and this argument 
fixes the price. 

When presented this way the risk-minimizing prescription has problems: Why all operators have 
to be very risk-aversive? And if they are very risk-aversive, and make on the average zero net profit 
on an option trade, then why would they bother to engage in it? However, it turns out that the 
special role of risk-minimizing hedging can be derived from a mean-variance approach in a different 
manner The main objective of this present paper is to present this result, including transaction 
costs in the calculations. 

In any reasonable approach no economic agent should be prepared to sell an option more cheaply 
than the price he would be prepared to pay for it. There may however be some normative agent 
who is prepared to buy and sell at one and the same price. If that is the case, and all other agents 
buy at lower and sell at higher prices, then this price is in fact a possible market price. This 
is what happens in the mean-variance approach without transaction costs. It is more appealing 
than the straight-forward risk-minimizing procedure is that the normative agent is neither infinitely 
risk-aversive nor infinitely risk-willing, but something in between. The case of agents still more 
risk- willing requires a discussion outside the scope of this paper, see but does not change the 
argument. The price proposed by the normative agent is such, that if he used the risk- minimizing 
strategy his expected profit would be zero. His price therefore agrees with that of the risk-minimizing 
prescription of Schweizer and Bouchaud-Sornette. Ultimately this is a consequence of the variance 
being a quadratic functional of the strategy, and it would not hold if we adopt another measure of 
risk. The strategy actually used by the normative agent is however not the risk-minimizing strategy, 
It can best be described as the the risk-minimizing strategy plus a component of pure investment in 
stock, unrelated to the option. In this way we can rederive the price of the risk-minimizing approach, 
but we do not imply that any rational agent actually uses that strategy, except as part of a larger 
portfolio. 

The paper is organized as follows: in section |2| we set up the problem and rederive the results on 
mean- variance optimal portfolios of 0. In section ^|, which contains the hard new results of the paper, 
we introduce transaction costs, and see how they modify the price and the strategy. In section [|, 
included for completeness, we look at the buyer's and the seller's side of the market, and summarize 
the results. 



2 RISK-RETURN WITHOUT TRANSACTION COSTS 

We now specialize the discussion to a European Call Option contracted at time to expire at time 
T, with strike price S c . Time is taken discrete in units of r, such that T = Nr. For convenience we 
refer to the underlying commodity as stock, which comes in units of shares. The price of the share 
is assumed to generated by a multiplicative random processes, such that S i+ i = UiSi, where the ttj's 
are independent and identically distributed random variables with finite variance. An important 
parameter is //, the expected excess return on the share compared to a risk- less investment. Let us 
assume that a risk-less investment increases in value from 1 to r over one discrete trading period, 



then 

!2=<( Ui -r)> (1) 

In realistic market models one would expect fi to be larger than zero. The incremental wealth of 
an option writer that sells the option for C and uses the strategy to keep 4>i(Si) shares against the 
option at time t = ir, if the realized share price is Si, is, in the absence of trading costs, 

N-l 

AW = Cr N +J2 («< - r^-^SMSi) - {S T - S c } + (2) 

i=0 

We follow here the notation of ||, to which we refer for a discussion and motivation of (0), see also 

The gain and the risk are the expected value and the variance of the incremental wealth, with 
the price substracted, i.e. 

M[(j)} = <AW-Cr N > (3) 
R[<f>] = < (AW- Cr N ) 2 > - (< AW-Cr N >f (4) 

The profit, the expected value of AW in (0), is equal to the gain plus Cr N . 

M is a linear and R is a quadratic functional of 0. If we perform the minimization of R with M 
constrained to the value m, it is clear that this R must be a quadratic polynomial in m. To get the 
explicit coefficients of that polynomial we introduce the vector-valued set of functions given by 

Fi(Si) = <{S T -S c } + ( Ul -r)> St , (5) 

the auxiliary variable 

$i(S i ) = P(Si\So)r N - i - 1 S i <j> i (S i ), (6) 

and the matrix 

where, naturally, P(Si\S ) is the conditional probability that the share price equals Si at time i, 
given that it was initially So- Likewise P(Si, Sj\So) is the joint probability that the price equals Si 
at time i and Sj at time j, conditioned by having been initially Sq. The diagonal elements of K can 
be written a little more simply as 

KdSi, S^ = j^-j < ( Ui - r) 2 > Sj - /i 2 . (8) 

In the special case when \x is equal to zero K is diagonal. The gain and the risk can now be written 
as ordinary scalar products involving ip, K and F: 

M = B + n$-l) (9) 
R = R c -2(F-^)+2fiB(^-l) + (^-K^) (10) 

where the notation B stands for the average < {St — S c } + >, and R c the corresponding variance, 
< ({St — 5' c } + ) 2 > — (< {St — S c } + >) 2 . The minimum risk at given gain m is 

R[m] = p + v(m + A) 2 (11) 

with the following identification of the coefficients; 

p = R c -(F-K' 1 F) + 2B/2(l-K- 1 F)-B 2 i2 2 (l-K- 1 l) (12) 
A = B - fi(l- K^F) +Bpi 2 (l- K^l) (13) 

v = am l K -n) (14) 



The optimal strategy is given by 

MS«m) = (K- 1 FUS l )+ kK-'lUSi). (15) 

The value of m such that the lowest risk is attained is m = —A. The risk-minimizing strategy is 
thus 

4>i(S i; -A) = (K -1 F)j(5i) — fj,B(K~ l l)i(Si). (16) 

The expected profit when trading with the risk- minimizing strategy is Cr — A. If we adjust the 
price (C) such that the expected profit is zero, we have 

C = r~ N A (17) 

where A is given in (|T3|). Equations ([16]) and (|T7| ) summarize the risk- minimizing approach to option 
pricing and hedging without transaction costs. 



3 RISK-RETURN WITH TRANSACTION COSTS 

We now assume that trading costs are present in the form 

&W costs = - T F[0] (18) 

where 7 is a small parameter and F is a positive functional of the strategy 0. For instance, F could 
include proportional trading costs when changing the portfolio from 0j to 0j + i||. 

We will assume that agents try to maximize a utility function of the following kind 



U[c/>, 7; A] = M[0, 7] + Cr N - \yjR[(/>,j] (19) 

where A is a parameter and M[4>, 7] and R{4>, 7] denote the gain and the risk in the presence of 
transaction costs, i.e., the expected value and the variance of 

AW - Cr N = J^im - r^-^SiUSi) - {S T - S c } + - <yF[<f>] (20) 

i=0 

The gain and the risk are expanded in powers of 7: 

M[0, 7 ] = M o [0]- 7 M 1 [0] (21) 
R[<f> n ] = R [<f ) ]+ 1 R 1 {<j ) ]+ 1 2 R 2 {<f ) ] (22) 

(23) 

where M o [0] is identical to and jMi[<f)], equal to 7 < F[<f)] >, are the expected trading costs using 
<p. We look for strategies that are expandable in power series in 7 

= 0o + 70i + • • • (24) 
To maximize the utility flTU| ) we first wish to minimize the risk at constant gain. We minimize 

Q[0, 7 ] = i?[0,7]-2g(M[0, 7 ]-m) (25) 
by varying and q. The first step gives 

= <Mg)-7( r: 2 U) -[—ft- U + 2g Uol+Oh) (26) 



By varying with respect to q we have 

q(m) = g (m)-7 ^ \ 9Mq) + 0(j) (27) 

I Sep l<Mgo)J v dq \io) 

The solutions to the zeroth order equations are the same as those discussed above in section El 

q (m) = -u(m + A) MS^q) = (K^F)^) - n{B + gX^l)^) (28) 

where u and A are given in (|14D and (0), and ip is identical to (|TJ), only expressed as a function of 
the Lagrange multiplier q. As a function of m the optimal strategy may be written 



4>{m) = (f) (qo(m) +jqi(m) + . . .) + 7<M<?o(ra) +7?i(m) + ...) + • 

<9g 



0o(?o(m)) + 7 (W?oM) + (^^| g = 9 oM)gi(m)l + 0( 7 2 ) (29) 



which may be simplified to 

M^oMm))] /^ (g) 

v 5^ 1 0o Wo (m))^ I l<?o(m)J V y 

The minimal risk as a function of trading gain can now be expressed as 



0o(?oM) + IjsM^i \ 79^Wi : I ~ »H*M 1 + °(7 ) ( 30 ) 



i?[m] = i? o [0o(go(H + 7<?i( m ) + ...)+ 70i (<?o(m) + 7<?i( m ) + ...) + •• •] 

+jR 1 [<f)o(q (m) + 7ft (m) + ...)+ 7<M<?oM + 7<?iM + •••) + •••] + •• • (31) 

which can be expanded into 

R[m] = R [(f) (q (m))} + ■ ■ + 0i(g o (m))l 

+i2i[0o(?oM)]} + ^(7 2 ) (32) 

Since the combination of <f)i(qo(m)) and ^ • qi(m) simplifies we have, in fact, a much more compact 
expression for the risk as a function of m, expanded up to first order in 7, namely 

R[m] = i^ ( go ( m ))]+ 7 (^ (33) 



The interpretation of (|33| ) is straight-forward. The expected trading costs, using the zeroth order 
trading strategy, appropriate for a level of gain equal to m, is 7M 1 [0 o (go( m -))]- When we use this 
strategy we actually realise a gain of m — 7M 1 [^ (5o( m ))]- To reach a level of m, compensating 
for trading losses, we must use a strategy that in the absence of trading costs would give m + 



'yMi[(f) (q (m))]. In doing so we run up the extra risk, to first order, of 7 • Mi[0 o (<?o( m ))]- 

Since the risk is now expressed as a function of gain and the trading cost parameter 7, we can 
write the utility as 

U[m, 7; A] = m + Cr N - X^R[m,i\ (34) 

At given risk-aversiveness parameter A we seek to maximize the utility by varying m. Let us assume 
that the maximum is obtained at a value of m[X, 7]. We then observe that a price acceptable to the 
writer must be such that the resulting utility is non-negative. If the option writer does not sell an 
option and performs no operations in the market, then his incremented wealth is identically zero, 
which carries zero utility. We hence have 

C[ T , A] = r- N (-m[\, 7] + A^[m[A, 7 ],7]) (35) 



where we understand that this is the lowest price that this option writer is prepared to ask for. 
We are therefore to maximize the expression m — X\/R[m,j), and we do so by expanding 



m[A,7] = m [A] + 7mi[A] + . . . (36) 
and all the preceeding expansions, which together yield 

U[m, r ,X]-r N C = (m [A]-A^oh[A]]) 

+7WA] - ^A 1 = (^j^ ■ mi[A] + HMmoiX))) 
* ^R [m [X\\ am 

+^^M 1 [0 o (g o (mo[A]))])} + (9( 7 2 ) (37) 

All zeroth order calculations can be done rather explicitly since we have i?o[ m ] = P + vim + A) 2 , 
with all the coefficients known. Hence 

' = (38) 

(39) 

with p, A and v given in (12), (13) and flT4]). The corresponding (zeroth order) optimal strategy is 




^(^;m [A]) = ((K- 1 F) ?; (^)-^(ir- 1 l) i (^)) + ^^^ T (K- 1 l) l (^) (40) 

This is again equivalent to ( |T5| ) and ( p8|) , but expressed this time as a function of the risk-aversiveness 
parameter A. The structure is that of a A-dependent correction to the risk-minimizing strategy (|T6|). 
When A is large the correction is small. When A diminshes, such that the combination \ 2 v tends to 
one from above, the correction is large. The case of \ 2 v less than one can be treated by comparing 
with pure stock investment H . An operator using utility function ([II]) would then invest an unlimited 
amount in stock. In other words, when }?v — 1 is negative, the formulation of the problem using (|i~9|) 
gives unreasonable results, both for stock and options. If, however, the utility function is modified 
by adding a quantity — ^^R[<p], then the stock investor only invests an amount proportional to Wq. 
The prefactor Wq is hence a measure of the amount of money an agent can invest in the market. 
The option price can then be fixed by comparing the utilities of option trading and pure stock 
investment, in a similar way as the option price has here been fixed by comparing option trading 
and doing nothing. The general structure of the solution will again be the risk-minimizing strategy 
(fT6|) and the price in the risk-minimizing approach, with corrections which will now depend on both 
A and Wq, see Q. For the rest of this paper we will assume that X 2 v is greater than one. 

Coming back to fl3~7|) we see that the structure of Rq also facilitates the optimization to next order 
in 7, since 

o A m r = ' , \m=mo[X] = 1 (41) 



2 /Ro[m [A]] dm 
We therefore have up to first order in 7 

U[m,r,X)-r N C = (m [\)-\^Ro[m [\)f) 



-7 ( M 1 [4> (mo[X})} + y^^Ri[Mrno[>])] ) + 0{i 2 ) (42) 



which does not depend on mi [A]. Hence we do not need to compute mi [A]. The price, fixed by the 
requirement that the maximal utility is zero, is finally 

C[r,A] = r-L + ^^\ + 

Using (0), (0), (0) and ( f40|) we can also express the optimal strategy up to first order in 7 as 
the risk-minimizing strategy and a correction proportional to (fT -1 !)^^). 



4 MARKET EQUILIBRIUM 

Rationalizations of market prices are economically meaningful if there are both buyers and sellers. 
We have so far exposed the point of view of the writer of the option. In the context of mean- variance 
arguments the analysis for the buyer is however very similar. If, in fact, an option buyer would use a 
strategy <f) b , then, in the absence of trading costs, his incremental wealth would be equal in size but 
opposite in sign of that of an option writer using — <p h . From this follows immediately the strategy 
and the price appropriate for an option buyer described by a risk-aversiveness parameter A. The 
bid-ask spread of agents is thus, in the absence of trading costs, 



c bid/ask [7 = 0;A] = r - N \A± f [A l~ L) ) j (44) 

The only agents prepared to buy and sell are those with a value of A such that X 2 u — 1 vanishes, 
and the price they offer is r~ N A, which we recognize by (|T?D to be the same as that from the 
risk-minimizing procedure. 

The trading costs break the symmetry between buyer and writer. All things being equal, the 
buyer will be prepared to pay a little less, and the writer will ask a little more. A gap opens between 
the smallest ask price and the largest bid price. Strictly speaking, we do not find a market price in 
the presence of trading costs. When A 2 z/ tends to one from above, the zeroth order strategy, 4>o(m[X\), 
diverges. Hence the average trading costs become large. It is convenient to introduce the notation 

^ - (46) 

such that equation ( fiO|) can be written for the variable as 



0o(A) = ^ Sk + yT^T0 gain (47) 
The first order correction to the strategy can by fl28|) and (0) be written 

0x(A) = fjiuM! [0o(A)] </> gain (48) 

When \ 2 u is close to one the trading costs are dominated by the component proportional to 0& am . 
The only way in which the dominating contribution in this case could come from rjSJS would be if 
0S am were actually a buy-and-hold strategy. It is fairly straight-forward to see that this is not so. 
It suffices to look at the case when /1 is equal to zero, the matrix K diagonal, and use (§). 



When A 2 z/ is larger, 0§ am and ris contribute each to the trading costs. We thus have 



We can also address in a similar manner the first order correction to the risk that enters in (|43|). 
When A 2 z/ is close to one we should have 



[0o(A)] ~ J^jm gain ) (50) 



which depends in a similar way as the first term in (|49f) on A. After a possible redefinition of 
Miff^S 3,111 ] to incorporate the incremental risk Ri we can therefore write the bid/ask prices as 



c bid/ask [7;A] = r - N ( A± \^ p{X2 ^ 1} +1 M 1 [ ( p^] ] j-£— + 7 M 1 [0 risk ]j j (51) 

We can now find the optimal A as a function of 7 by minimizing the bid-ask spread. The minimum 
is attained at (A*) 2 = - + ^M^cj)^ 11 ] and leads to 



c bid/ask [T;A *] = r - N f A± f 2 ^ pl M 1 [<f>S^] + 7 M 1 [0 risk ] ) ) (52) 



The two components in the bid-ask spread are the expected trading costs using the risk-minimizing 
strategy, 7 Mi [0 r ^ sk ] , and a term proportional to Jp~, the square root of the minimal residual risk. 
This is also the form used in ||. The new piece in (j52|) is that the proportionality factor of Jp~ is 

not a free parameter, but in principle computable. Note that 0S am does not involve the pay-out 
function of the option. Hence 7M 1 [0S am ] takes the same value for different options. The optimal 
stategies are approximately 



^writer/buyer (A * } = ±0 risk / gain (53) 

In a mean-variance world with transaction costs and homogeneous expectations there is a min- 
imum gap between the smallest ask and the largest bid price. We should therefore, in that world, 
not expect to see any trading in options at all. In the real world all agents do not of course hold 
identical expectations. In addition, there is no reason to expect that all agents are necessarily well 
described by their preferred trade-offs of risk vs. return, measured by a variance and an expected 
value. In somewhat extreme parameter ranges mean-variance option pricing lead to paradoxical 
results JTB, TO], 0, also discussed in the finance literature quite some time ago |J. 



It is therefore not a problem per se that we find a gap between bid and ask prices. The price 
A from ( |52"D and ([13]) is an estimate of a market price, and it is in the end an empirical question 
to decide how useful that estimate is. If the gap as predicted by (|52]) is sufficiently small compared 
to inhomogeneous expectations and all other externalities that tend to move and push apart bids 
and asks, then there is no conceptual difference between testing A or the Black-Scholes price against 
observed market data. For tests of the risk-minimizing prescriptions against market data, chiefly for 
the spacial case fi = 0, see || £|. 

The analysis of this paper has been performed in perturbation theory in 7. This assumes that 
the trading costs are relatively small. It is however perfectly natural to consider the case where 
the minimal risk p is very small, but trading with the strategy r ^ sk leads to very large costs. For 
instance, suppose that risk is minimized by rehedging very often, and one pays some amount for 
every trade, an example considered in||. It then seems clear that the best strategy is probably not 
very close to the optimal strategy without transaction costs, and the perturbation cannot really be 



considered small. We may however get information also on this case by imagining that the space of 
possible strategies may be varied (for instance, by trading more or less often). The minimal risk and 
the trading costs will then both change with the class considered. In minimizing the bid-ask spread 
there is a trade-off between minimizing minimal risk (by trading more often) and minimizing trading 
costs (by trading less often). One expects that the best trade-off is obtained when minimal risk and 
trading costs are of the same order. 

To conclude, the mean-variance approach to option pricing leads to the same price as the risk- 
minimizing prescription of || and fH| . The optimal strategy is, in the absence of transaction costs, 
equal to the risk-minimizing strategy plus another strategy more related to direct investment in stock. 
Transaction costs lead to a gap between bid and ask prices. By minimizing this gap one arrives at a 
specific level of risk-taking appropriate to a given level of transaction costs. All these calculations can 
be done perturbatively around the case of no trading friction, and therefore assume that transaction 
costs using the optimal (zero-cost) strategy are small. The case when the transaction costs using 
the optimal (zero-cost) strategy are actually large can be done in a somewhat more heuristic manner 
by varying the class of strategies considered. This leads to the estimate that the smallest bid/ask 
spreads are obtained when trading costs and residual risk are about equal. 

The results of the mean-variance approach therefore finally agree in suprising detail with those 
of the risk-minimizing prescription. 



5 ACKNOWLEDGEMENTS 

We thank Jean-Philippe Bouchaud, Ola Hammarlid, Sergey Simdyankin and Grazyna Wolczynska 
for discussions. E.A. thanks the organizers of the conference "Disorder and Chaos" (Rome September 
22-24, 1997) for an invitation. This work was supported by the Swedish Natural Science Research 
Council through grant S-FO 1778-302 (E.A.), and by the Polish State Committee for Research (K.Z.). 

References 

[1] Aurell E. & Zyczkowski K., "Option pricing & Partial Hedging: Theory of Polish Options" 
(1995), Journal of Financial Abstracts: Series D (Working Paper Series) 3, January 26 (1996) 
[abstract], also available as |ewp-fin/960100l| at http:/ /econwpa. wustl.edu/wpawelcome. html. 



[2] 
[3] 
[4] 
[5] 
[6] 
[7] 
[8 

[9 
[10 



Aurell E. & Simdyankin S., International J. of Theoretical and Applied Finance 1 (1998), 1. 

Black F. & Scholes M., J. Political Economy 3 (1973) 637. 

Bouchaud J-P. & Potters M., Theorie des risques financiers Alea-Saclay (1997). 

Bouchaud J-P. & Sornette D., J. Phys. I (France) 4 (1994) 863-881. 

Cox J., Ross S. & Rubinstein M., The Journal of Finance Economics 7 (1979) 229-63. 

Cox J. & Rubinstein M., Options Markets, Prentice-Hall (1985). 

Duffle D. , Dynamical Asset Pricing Theory, Princeton University Press (1992). 

Dybvig P. & Ingersoll J., J. of Business 55 (1982) 233-251. 

Hammarlid O., "On minimizing risk in the Schweizer and Bouchaud- Sornette option pricing 
models" (1998), International J. of Theoretical and Applied Finance [submitted]. 



[11] Hull J.C., Futures, Options and Other Derivative Securities, Prentice Hall (1997). 



[12] Litner J., J. of Finance 20 (1965) 587; Review of Economics and Statistics 47 (1965) 13. 

[13] Markowitz H., Portfolio selection: Efficient Diversification of Investment, John Wiley & Sons, 
New York 1959. 

[14] Schweizer M., The Mathematics of Operations Research 20 (1995) 1-32. 
[15] Sharpe W., J. of Finance 19 (1964) 425; J. of Finance 20 (1965) 416. 

[16] Wolczyhska G., "Option pricing in a model with discrete time" (Diploma thesis) [in Polish], 
Uniwersytet Jagiellohski, Instytut Matematyki, Krakow Poland (1996); [in English] (1997) In- 
ternational J. of Theoretical and Applied Finance [submitted] . 



